Abstract This paper deals with the discrete-time risk model with nonidentically distributed claims. We suppose that the claims repeat with time periods of three units, that is, claim distributions coincide at times {1, 4, 7, . . .}, at times {2, 5, 8, . . .}, and at times {3, 6, 9, . . .}. We present the recursive formulas to calculate the finite-time and ultimate ruin probabilities. We illustrate the theoretical results by several numerical examples.
Introduction
The discrete-time risk model is a classical collective risk model for insurance. In the homogeneous version of this model, the insurer's surplus at each time n ∈ N 0 = {0, 1, 2, . . .} is defined by the following equality:
where u ∈ N 0 is the initial insurer's surplus, and the claim amounts Z 1 , Z 2 , . . . are assumed to be independent copies of a nonnegative integer-valued random variable Z. This random variable and the initial surplus u generate the homogeneous discretetime risk model. A typical path of the surplus process W u (n) is shown in Fig. 1 . The claim amount generator Z can be characterized by the probability mass function (p.m.f.)
or by the cumulative distribution function (c.d.f.)
where ⌊x⌋ denotes the integer part of x. The homogeneous discrete-time risk model has been extensively investigated by De Vylder and Goovaerts [5, 6] , Dickson [7, 8] , Gerber [10] , Seal [17] , Shiu [19, 18] , Picard and Lefèvre [15, 16] , Lefèvre and Loisel [11] , Leipus and Šiaulys [12] , Tang [20] , and other authors. The ruin time, the ultimate ruin probability, and the finite-time ruin probability are the main extremal characteristics of any risk model. The first time T u when the surplus W u (n) becomes negative or null is called the ruin time, that is,
The ruin probability until time T ∈ N is called the finite-time ruin probability and is defined by ψ(u, T ) = P(T u T ).
The infinite-time or ultimate ruin probability is defined by ψ(u) = P(T u < ∞).
So, for the ultimate survival probability, we have ϕ(u) = 1 − ψ(u) = P(T u = ∞).
The presented definitions imply that
ψ(u, T ) = ψ(u).
Several formulas and procedures for computing finite-time ruin probability and ultimate ruin probability have been proposed in the literature. Here we present some of them having the recursive form.
• For the homogeneous discrete-time risk model, we have (see, for instance, [5, 8, 9] ):
ψ(u, 1) = 1 − F Z (u), u ∈ N 0 , ψ(u, T ) = ψ(u, 1) + u k=0 ψ(u + 1 − k, T − 1)z k , u ∈ N 0 , T ∈ {2, 3, . . .}.
• If model (1) is generated by the claim generator Z such that EZ < 1, then the ultimate ruin probability can be calculated by the formulas (see, for instance, [8, 9, 18] ):
If the homogeneous discrete-time risk model is generated by Z satisfying condition EZ 1, then we say that the net profit condition does not hold, and, in such a case, we have that ψ(u) = 1 for all u ∈ N 0 according to the general renewal theory (see, e.g., [14] and the references therein).
The formulas presented enable us to calculate ψ(u) and ψ(u, T ) for u ∈ N 0 and T ∈ N. Nevertheless, there exist many other methods that allow us to calculate or estimate the finite-time and the ultimate ruin probabilities. Some of them can be found in [1, 13, 16] .
The assumption for claim amounts {Z 1 , Z 2 , . . .} to be nonidentically distributed random variables is a natural generalization of the homogeneous model. If r.v.s {Z 1 , Z 2 , . . .} are independent but not necessarily identically distributed, then the model defined by Eq. (1) is called the inhomogeneous discrete-time risk model. For such a model, a recursive procedure for calculation of finite-time ruin probabilities can be found in [2, 3] . For the finite-time ruin probabilities
we have the following theorem.
Theorem 1. Let us consider the inhomogeneous discrete-time risk model defined by
for all u ∈ N 0 and T ∈ {2, 3, . . .}.
According to this theorem, we can calculate the finite-time ruin probability ψ (0) (u, T ) of the initial model for all u ∈ N 0 and T ∈ N. Unfortunately, it is impossible to get formulas for ψ(u) similar to formulas (2) and (3) in the general case because in the case of nonidentically distributed claims, the future of model behavior at each time can be completely new. In paper [4] , the general discrete-time risk model was restricted to the model with two kinds of claims. In this model, there are two differently distributed claim amounts that are changing periodically. We call such a model the bi-seasonal discrete-time risk model. In [4] (see Theorem 2.3), the following statement is proved for the calculation of the ultimate ruin probability.
Theorem 2. Let us consider a bi-seasonal discrete-time risk model generated by independent random claim amounts
• If s 0 = x 0 y 0 = 0, then:
where {α n }, {β n }, n ∈ N 0 , are two sequences of real numbers defined recursively by formulas:
• If s 0 = 0, then
• If x 0 = 0, y 0 = 0, then s 1 = 0 and ψ(0) = 1.
• If x 0 = 0, y 0 = 0, then s 1 = 0 and ψ(0) = ES − 1.
• If s 0 = 0, then, for u ∈ N,
In this paper, we consider the discrete-time risk model with three seasons. We obtain a list of formulas similar to those in Theorem 2 to calculate the ultimate ruin probability in such a model. In Section 2, we present a precise definition of the threeseasonal discrete-time risk model and our main statements, whereas in Sections 3 and 4, we give detailed proofs. Finally, Section 5 deals with some numerical examples.
Main results
We now present the model under consideration. Definition 1. We say that the insurer's surplus W u (n) follows the three-seasonal risk model if W u (n) is given by Eq. (1) for each n ∈ N 0 and the following assumptions hold:
• the initial insurer's surplus u ∈ N 0 ,
• the random claim amounts Z 1 , Z 2 , . . . are nonnegative integer-valued independent r.v.s,
• for all k ∈ N 0 , we have Z 3k+1
Let us define p.m.f.s and p.d.f.s by the following equalities:
where
It is not difficult to see that the definitions of ruin time, finite-time ruin probability, ultimate ruin probability, and ultimate survival probability remain the same. All expressions of these quantities are the same as in the homogeneous discrete-time risk model. However, the procedures to calculate the finite-time or the ultimate probabilities are more complex than in the homogeneous or be-seasonal discrete-time risk models.
Our first result immediately follows from Theorem 1. The obtained formulas allow us to calculate the finite-time ruin probabilities ψ(u, T ) = ψ (0) (u, T ) in the three-seasonal risk model for all u ∈ N 0 and all T ∈ N.
Theorem 3.
In the three-seasonal discrete-time risk model, for each u ∈ N 0 , we have
and for all u ∈ N 0 and T ∈ {2, 3, . . .}, we have the following recursive formulas:
Our second result describes the meaning of the net profit condition in the threeseasonal discrete-time risk model. The proof of the theorem is presented in Section 3.
Theorem 4.
Consider the three-seasonal discrete time risk model generated by independent random claim amounts Z 1 , Z 2 , and Z 3 . If ES > 3, then ψ(u) = 1 for each initial surplus u ∈ N 0 . If ES = 3, then we have the following possible cases:
Our last statement proposes a recursive procedure for calculation of the ultimate survival probabilities ϕ(u) = 1 − ψ(u), u ∈ N 0 . The proof of the formulas is given in Section 4.
Theorem 5.
Consider the three-seasonal discrete-time risk model generated by independent random claim amounts Z 1 , Z 2 , and Z 3 . Denote S = Z 1 + Z 2 + Z 3 , s n = P(S = n) for n ∈ N 0 , and suppose that ES < 3. Then the following statements hold.
• lim u→∞ ϕ(u) = 1.
• If
• If {a 0 = 0, b 0 = 0, c 0 = 0}, then ϕ(0) = 0, ϕ(1) = (3 − ES)/c 0 , and
•
, and
, and the recursion formula (8) is satisfied.
• If {a 0 = 0, b 0 = b 1 = 0, c 0 = 0}, then ϕ(0) = 0, ϕ(1) = (3 − ES)/c 0 , and the same recursion formula (8) holds.
and the recursion formula (10) is satisfied.
We observe that all formulas presented in Theorem 5 can be used to calculate numerical values of survival or ruin probabilities for an arbitrary three-seasonal risk model and for an arbitrary initial surplus value u. The algorithms based on the derived relations work quite quickly and accurately. A few numerical examples for calculating ruin probability in the various versions of the three-seasonal risk model are presented in Section 5.
Net profit condition
In this section, we present a proof of Theorem 4. We recall that we denote the ultimate survival probability by ϕ(u).
Proof of Theorem 4.
For an arbitrary u ∈ N 0 , we have
Since the model is three-seasonal, the last probability in (11) can be expressed by the sum
where, as before,
The second probability in (11) is equals
Similarly, the third probability in (11) is
and, finally, the first probability in (11) is
Substituting (12)- (15) into (11), we get that
We observe that the sum 
Similarly, the sum
Relations (17), (18) , and (19) imply that 
The sequence ϕ(u), u ∈ N 0 , is bounded and nondecreasing. So, the limit ϕ(∞) := lim u→∞ ϕ(u). Similarly to the derivation of (21), we can get that
Relations (20), (21), and (22) imply that
Now we consider the last equality and examine all possible cases.
(I) If ES > 3, then (23) implies that ϕ(∞) = 0 because the left side of (23) is nonnegative in all cases. So, in this case, ψ(u) = 1 for all u ∈ {0, 1, 2, . . .}.
(II) If ES = 3, then (23) implies that
Additionally, in this situation we have that s 3 = 1 or s 3 < 1.
(II-A) If s 3 = 1, then we have
Taking into account that all numbers a k , b k , and c k are local probabilities for all k ∈ N 0 , the last system implies the following possible cases. 
(b) {a 0 = b 3 = c 0 = 1} and ϕ(0) = ϕ(1) = 0. In this case, ψ(0) = ψ(1) = 1 and ψ(u) = 0 for u ∈ {2, 3, . . .} because
(c) {a 0 = b 0 = c 3 = 1} and ϕ(0) = 0. In this case, ψ(0) = 1 and ψ(u) = 0 for u ∈ {1, 2, . . .} because In all cases, Eqs. (23) and (16) imply that ϕ(u) = 0, and so ψ(u) = 1 for all u ∈ N 0 . Theorem 4 is proved.
Recursive formulas
In this section, we prove Theorem 5. Equality (23) from the previous section plays a crucial role.
Proof of Theorem 5. Let we consider the case ES < 3. First, we prove that ϕ(∞) = 1. According to the definition
Hence, the strong law of large numbers implies that
almost surely. From this it follows that
with µ := (ES − 3)/3 > 0.
For arbitrary positive u and N ∈ N, we have
The last inequality implies that
Hence, according to (24), we have that ϕ(∞) = 1. Substituting this into (23), we get
In addition, Eq. (16) can be rewritten as follows:
Now we consider the last two formulas to get a suitable recursion procedure described in Theorem 5.
• First, let s 0 = a 0 b 0 c 0 = 0, and let the sequences α n , β n , γ n be defined in the statement of Theorem 5.
We prove (4) by induction. We observe that relation (25) implies immediately:
Now suppose that Eq. (4) holds for all n = 0, 1, . . . , N − 1, and we will prove that (4) holds for n = N . By (26) we have
Therefore, using the induction hypothesis, we get
Since
, we obtain from (27) that
Hence, the desired relation (4) holds for all n ∈ N 0 by induction.
• If {a 0 = 0, b 0 = 0, c 0 = 0, a 1 = 0}, then s 0 = 0 and s 1 = 0. Equality (26) with u = 0 implies that ϕ(0) = 0. The recursive relation (5) can be derived from the basic equalities (25) and (26) in the same manner as relation (4).
• If {a 0 = 0, b 0 = 0, c 0 = 0, b 1 = 0}, then it follows from Eq. (25) that
. This is Eq. (6) for n = 1. The validity of (6) for the other n can be derived from (26) using the induction arguments.
• In the case {a 0 = 0, b 0 = 0, c 0 = 0, c 1 = 0}, formula (7) follows from (25) if n = 1. For the other n, formula (7) follows from (26) again by using the induction arguments.
• In the case {a 0 = 0, b 0 = 0, c 0 = 0}, we have that s 0 = s 1 = 0 and s 2 = 0 because of ES < 3. It follows immediately from (26) that ϕ(0) = 0, whereas from (25) it follows that ϕ(1) = (3 − ES)/s 2 . Finally, we can get the recursive formula (8) from (26) using the same induction procedure.
• In the case {a 0 = 0, b 0 = 0, c 0 = 0}, similarly as in the previous one, we derive that ϕ(0) = s 2 ϕ(1) from (26), we derive that 3−ES = ϕ(0)+b 0 c 1 ϕ (1) from (25), and we derive the desired formula (9) again from (26).
• The case {a 0 = 0, b 0 = 0, c 0 = 0} is considered completely analogously as both previous cases. Here we omit details.
We have that ES < 3. So, it remains to study the following possible cases:
In all these cases, the presented recursion relations follow from Eq. (26), and the initial values of survival probability ϕ(0) and ϕ(1) can be obtained using Eq. (25) together with Eq. (26) with u = 0 or u = 1. Theorem 5 is proved.
Numerical examples
In this section, we present three examples of computing numerical values of the finitetime ruin probability and the ultimate ruin probability. All calculations are carried out using software MATHEMATICA. In all presented tables, the numbers are rounded up to three decimal places.
First example. Suppose that the three-seasonal discrete-time risk model is generated by the r.v.s
In Table 1 , we give the finite-time ruin probabilities for initial surpluses u ∈ {0, 1, . . . 10, 20} and times T ∈ {1, 2, . . . , 10, 20} together with the ultimate ruin probabilities for the same u.
Numerical values of the finite-time ruin probabilities are calculated using the algorithm presented in Theorem 3, whereas the values of the ultimate ruin probabilities are obtained using the formulas of Theorem 5. Namely, first, we observe that ES = 2.7 and s 0 = 0 in this case. So, Eq. (4) holds for an arbitrary n ∈ N 0 . In Table 1 . Ruin probabilities for the first model Second example. Suppose now that the three-seasonal discrete-time risk model is generated by three Poison distributions: Z 1 with parameter 1/2, Z 2 with parameter 2/3, and Z 3 with parameter 4/5. In Table 2 , we present the finite-time ruin probabilities for u ∈ {0, 1, . . . 10, 20}, T ∈ {1, 2, . . . , 10, 20} and the ultimate ruin probabilities for u ∈ {0, 1, . . . 10, 20}. All calculations are made similarly as in the first example.
Third example. We write ξ ∼ G(p) if ξ is a r.v. having the geometric distribution with parameter p ∈ (0, 1), that is, P(ξ = k) = p(1 − p) k , k ∈ N 0 . Suppose that the three- Table 3 . Ruin probabilities for the geometric model seasonal risk model is generated by r.v.s Z 1 ∼ G(3/4), Z 2 ∼ G(2/3), and Z 3 ∼ G(1/3). In Table 3 , we present the finite-time and infinite-time ruin probabilities for this geometric model. The values of initial surpluses u and times T are the same as in the previous examples.
The presented tables show that the behavior of ruin probabilities is closely related to the structure of generating r.v.s and not only to the global model characteristic ES.
